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We show that Maxwell’s electrodynamics in vacuum is invariant under active transformations
of the metric. These metrics are related by disformal mappings induced by derivatives of the
gauge vector Aµ such that the gauge symmetry is preserved. Our results generalize the well known
conformal invariance of electrodynamics and characterize a new type of internal symmetry of the
theory. The group structure associated with these transformations is also investigated in details.
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I. INTRODUCTION
In a recent communication [1], we have shown that
there exists a new symmetry in the relativistic wave
equation for a scalar field in arbitrary dimensions. This
symmetry is related to redefinitions of the metric tensor
which implement a map between non-equivalent mani-
folds. We have encountered this result as a natural con-
sequence of our work in analogue models of gravity, where
we showed that it is possible to geometrize the dynam-
ics of a generic nonlinear scalar field [2]. However, we
have later realized that these metric mappings were in
fact disformal transformations. Thus, in [1] we were in
fact showing that the relativistic Klein-Gordon equation
is invariant under disformal transformations.
Firstly introduced by Bekenstein in [3, 4], disformal
transformations typically evoke the presence of an aux-
iliary scalar field ψ(x) which appears explicitly in the
transformed geometry. Thus, a disformal transformation
is characterized by the relation
gˆµν = A(ψ, ∂ψ)gµν +B(ψ, ∂ψ)∂µψ∂νψ (1)
where A and B are real functions constructed with the
field’s invariants and B is chosen to have dimensions
of M−4 so that ψ has dimensions of M . This is the
most general symmetric covariant object that can be con-
structed with the background metric gµν , the scalar field
ψ and its first derivatives ∂ψ. We will call gµν and gˆµν
“disformally related metrics” and the second term in the
transformation as the “disformal term” so as to contrast
to the conformal transformations that can be seen as spe-
cial cases of disformal transformations with B = 0.
From their own side, conformally related geometries
appear in a variety of important physical situations.
From condensed matter systems to string theory, they
provide a rich source of insights and are deeply ingrained
in some modern field theory approaches (see, for in-
stance, [5]). In the last decade, asymptotic and theo-
retical problems in quantum field theories have led to
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a renew of interest in conformal field theory and in the
mathematical structure of the restricted conformal group
SO(2,4). The SO(2,4) encompass both the Poincare´ as
well as the de Sitter group and is a basic ingredient for
the ADS/CFT correspondence [6].
Conformal maps and disformal transformations can be
viewed as complementary concepts. While the former
implements rescaling of the metric which preserve angles,
the latter deforms the spacetime fabric in an anisotropic
manner according to a preferred direction characterized
by the gradient of the dynamical fields. Accordingly, rela-
tion (1) does not preserve the causal structure of the orig-
inal geometry. Thus, in general, the null vectors of gµν
are different from the null vectors of gˆµν , i.e. their cones
of influence are distinct. This property has been used, for
instance, to generate cosmological scenarios with varying
speed of light (VSL) [7]-[9]. In this case, the velocity may
depend not only on the functions A and B, but also on
the character of the gradient ∂αψ (see [10] for a detailed
discussion).
Since Bekentein’s initial proposal, many aspects of dis-
formal relations have been investigated. They appear in
bi-metric theories [11], TeVeS models [12], massive grav-
ity [13], DBI-Galileons [14], cosmic acceleration schemes
[15] and others. In cosmology, for instance, they are able
to reproduce many features of scalar field dark energy
models: cosmological constant, quintessence, k-essence
and tachyon condensates.
The most important property of (1) is that it provides
a natural and simple way to implement modifications of
usual gravity [16]. Typically, according to the disformal
prescription, one replaces gµν → gˆµν in some sector of
the lagrangian and hence generates an effective coupling
between the scalar field and the energy momentum tensor
of the other fields describing the matter content. A fairly
simple example is provided by a cosmological constant
living in a disformal metric which mimics the behavior
of a Chaplygin gas. The main theme of these scenarios
is that there exists a duplicity of geometries. While the
gravitational geometry gµν satisfies Einstein’s equations,
it is the physical geometry gˆµν that controls the dynamics
of the matter fields.
Although the role of conformal symmetries has already
been extensively explored, the invariance under disformal
2transformations is by far less understood. It is not clear,
for instance, when a given set of equations of motion
are invariant under a disformal mapping. In addition, it
might happen that such an invariance could help us to
gain new insights in field theory as has been the case for
conformal transformations.
In its seminal paper [4], Bekenstein states that
“Maxwell’s equations, the Weyl equation for spinors,
gauge field equations, etc. will all be invariant under
the transformation with B = 0, but will not be invariant
under gαβ → gˆµν with B 6= 0”. It is certainly true that
for an arbitrary function B, these equations are not dis-
formal invariant. However, in the present paper we shall
show that it is possible to define a large class of disformal
transformations with respect to which these theories are
in fact disformal invariant.
More specifically, we shall show that Maxwell’s equa-
tions in vacuum are invariant under certain disformal
transformations. In dealing with electrodynamics, in-
stead of using a scalar field such as in (1), the disformal
transformations here introduced depend on the gauge
vector Aµ. Thus, given a metric gµν and the electro-
magnetic two-form Fµν = ∂µAν − ∂νAµ that satisfies
Maxwell’s equations, we will be concerned with disfor-
mal relations of the form
gˆµν = A(I1, I2)gµν + B(I1, I2)F
α
µ Fαν , (2)
where I1 and I2 are the electromagnetic gauge invariant
scalars. In a sense, our result generalizes the usual con-
formal invariance of electrodynamics and constitutes a
complementary internal symmetry of the theory.
II. DEVELOPMENT
In this short introductory section we shall define some
relevant objects and fix our notation. Let us start with
an electromagnetic field Fµν propagating in a globally
hyperbolic spacetime with metric gµν that has signature
(+ − −−). Throughout our development, we shall con-
sider source free field, hence, Maxwell’s equations in vac-
uum read
gµαgνβFαβ;ν = 0 , F[µν;α] = 0 (3)
where the semicolon means covariant derivative with re-
spect to gµν . The second set of equations guarantee that
the electromagnetic field is completely characterized by
a gauge vector Aµ, i.e. Fµν = A[µ;ν]. Using the electro-
magnetic field and its dual, one can only construct two
invariants, namely
I1 ≡ FµνFµν = 2
(
H2 − E2)
I2 ≡
∗
Fµν Fµν = −4 ~E. ~H
where the dual bi-vector is defined as
∗
Fµν=
1
2
ηµναβF
αβ , (4)
and ηαβµν is the completely antisymmetric Levi-Civita
permutation tensor. The electric and magnetic fields ~E
and ~H are spatial three-dimensional vector fields that
are orthogonal to the observer’s worldline. We also recall
that the energy-momentum tensor associated with elec-
tromagnetic fields satisfying Maxwell’s equations is given
by
T µν = FµαF
αν +
I1
4
gµν . (5)
One of the new feature of a disformal transformation
is that the new metric may explicitly depend on the dy-
namical fields themselves. Note however that while the
metric is a symmetric tensor, the electromagnetic two-
form is antisymmetric which means that it cannot ap-
pears linearly. Thus, we need a procedure to construct a
symmetric object using only the metric gµν , the electro-
magnetic field Fµν and its dual
∗
Fµν . Fortunately, due to
algebraic relations between these objects, this construc-
tion is unique. Indeed, the electromagnetic field and its
dual satisfy the relations
∗
Fµα
∗
Fαν −FµαFαν = 1
2
I1δ
µ
ν (6)
∗
Fµα Fαν = −1
4
I2δ
µ
ν (7)
Therefore, any symmetric tensor ∆µν that depends
only on these three fields has to be of the form
∆µν = a gµν + b gµβgνλgαρFαβFλρ , (8)
where a and b are two real functions that can depend on
the coordinates, the electromagnetic field and its dual.
Under certain mild conditions, the quantity ∆µν is in-
vertible which allow us to use (8) as a disformal transfor-
mation induced by the electromagnetic tensor Fµν , i.e.
gµν(x)→ ∆µν(x, Fαβ) . (9)
Note that the algebraic structure of the above disfor-
mal term is much more involved than the scalar field case.
In analogy to (1), one could have expected to define the
disformal term proportional to ∂αAβ + ∂βAα. Notwith-
standing, the maintenance of the gauge symmetry re-
quires the use of the electromagnetic two-form which un-
avoidable leads us to (9). If b is zero we recover the usual
conformal transformation and the causal structure of the
theory is preserved. But when b 6= 0 the disformal trans-
formation do not preserve angles between vectors and the
causal structure changes drastically. The vectors kµ sat-
isfying ∆µνkµkν = 0 are, in general, not null with respect
to gµν (see [17] for a detailed discussion) and hence the
characteristic surfaces in these two situations are not the
same. Only if there exist null eigenvectors of the disfor-
mal term alone the null cones of the two metrics may
coincide along some specific directions.
3We shall assume that ∆µν is always nonsingular, i.e.
det(∆µν) 6= 0. Thus, there exist a new tensor ∆−1µν such
that
∆µα∆−1αν = δ
µ
ν . (10)
In general, the inverse of an object of the form gµν +
hµν , with arbitrary hµν , is given as an infinite series.
Notwithstanding, due to the algebraic properties encoded
in the disformal term, its inverse has also a binomial form.
Indeed, a direct calculation yields
∆−1αν = Agµν +Bg
µβFαµFβν (11)
with the coefficients A and B given in terms of the in-
variants I1, I2 and the previous quantities a, b
A =
(
1− 1
2
pI1
)
(aQ)−1 , B = −p(aQ)−1
where p ≡ b/a is the “disformal ratio” and for future
convenience we have defined the auxiliary quantity
Q ≡ 1− p
2
I1 − p
2
16
I22 . (12)
Having established the general form of the disformal
transformation (8), in what follows we shall define the
two up to now arbitrary functions a and b in such a way
that the disformal transformation leaves Maxwell’s equa-
tions invariant. In other words, within a large class of
disformal transformations Maxwell’s equations are dis-
formal invariant.
III. DISFORMAL INVARIANCE
As it is well known, Maxwell’s equations (3) are in-
variant under conformal transformations that here are
described by (11) with B = 0. Thus, any electromagnetic
configuration that is a solution of Maxwell’s equation de-
fined in the gµν manifold is also a solution of the same
system of equations but in the ∆−1µν manifold.
However, in general, this property will not hold if B 6=
0, i.e. the presence of the anisotropic stretching deforms
the equations of motion in a non-trivial way. Actually,
the new system of equations will depend explicitly on the
choice of A and B. Nevertheless, there is a specific choice
of the function B where the above mentioned property
also holds, hence, by a suitable choice ofB any solution of
Maxwell’s equation in the gµν manifold is also a solution
in the ∆−1µν manifold even if B 6= 0.
Our first step is to calculate the action of the “delta
tensors” on the electromagnetic bi-vector. The elec-
tromagnetic two-form Fµν is defined independently of
any metric but its contravariant version does depend on
which metric we are using to raise or lower the indices.
To distinguish the two situation we shall use a hat over
the tensor to indicate that it has been defined in the ∆−1µν
manifold, i.e.
Fˆµν ≡ ∆µα∆νβFαβ . (13)
It is worth noticing that this is a highly non-linear trans-
formation inasmuch the ∆µν tensor already has a non-
trivial dependency on Fµν . A straightforward calculation
using (8) and the algebraic relations (6)-(7) shows that
Fˆµν may be written as a combination of the field and its
dual as
Fˆµν = ψ(I1, I2) F
µν + χ(I1, I2)
∗
Fµν (14)
with the functions ψ and χ given strictly in terms of the
field invariants and the pair (a, p), i.e.
ψ = a2
[
1− pI1 + p
2
4
(
I21 +
I22
4
)]
,
χ = a2p
(
pI1
8
− 1
2
)
I2.
The dynamical set of Maxwell’s equation can be writ-
ten in a more suggestive form. As long as we are only
considering Riemannian manifolds we can re-write the
first group of equations of (3) as
Fµν ;ν =
1√−g∂ν
(√−ggµαgνβFαβ) = 0 . (15)
Thus, it becomes evident that if we construct the dis-
formal transformations such that
√−g gµαgνβ Fαβ ∝
√
−∆ ∆µα∆νβ Fαβ (16)
then Maxwell’s equations in vacuum will automatically
be invariant under these transformations.
To calculate the determinant of ∆−1µν we can use the
Cayley-Hamilton theorem, which shows that the deter-
minant of any mixed tensor T can be expanded in terms
of its traces as
−4 detT = Tr(T4)− 4
3
Tr(T)Tr(T3)− 1
2
(
Tr(T2)
)2
+
+(Tr(T))
2
Tr(T2)− 1
6
(Tr(T))
4
.
In our case, a direct calculation shows that
∆ ≡ det(∆−1µν) = det(gµν) a−4 Q−2 . (17)
The algebraic properties of the energy-momentum ten-
sor have important informations about the propagation
of the electromagnetic discontinuities. This local analy-
sis can be done by studying its eigenvalue problem. It
can be shown (see [18]) that the electromagnetic energy-
momentum tensor has only two eigenvalues given by ±κ
where
κ =
√
(I21 + I
2
2 ) . (18)
A field configuration is called algebraically general if κ 6=
0 and null if κ = 0. In order to show that indeed there
are disformal transformations that satisfy (16) we shall
consider separately the algebraically general and the null
cases.
4• General Field κ 6= 0
We first note that (14) and (16) immediately imply
that the term proportional to the dual must van-
ish so we need to impose χ = 0. There exist, in
principle, two possibilities for p that makes χ = 0,
i.e.
p = 0 or p =
4
I1
(19)
Evidently, we can have I1 = 0 but κ 6= 0 so if
I1 = 0 we are force to consider p = 0. However,
p = 0 only reproduce the conformal invariance of
electrodynamics. In this manner we shall consider
only the second solution which is the relevant one
for our purposes. We proceed by calculating explic-
itly the quantity
√−∆ψ and imposing the condi-
tion p = 4/I1. Using (17) and (12) we obtain that
(16) will be satisfied if
|Q|−1 [1 + (I2/I1)2] = 1 . (20)
Incidentally, this condition is automatically satis-
fied. In other words, the quantity
√−∆ψ is con-
stant (does not depend on the field invariants) in-
dependently on the value of the function a. Thus,
in the case of an algebraically general field, the ad-
missible pair is (a, 4/I1) with a arbitrary.
• Null field κ = 0
Since the invariants appear quadratically in κ we
must have I1 = I2 = 0. Substituting these values
in ψ and χ, we obtain
Fˆµν = a2Fµν ,
√−∆ = √−γ a−2 . (21)
In the case of a null field, relation (16) is always sat-
isfied independently of the particular realization of
the pair (a, p). Therefore, (16) is valid for arbitrary
values of the functions a and p.
Let us summarize our result. In terms of the gauge
vector Aµ(x), Maxwell’s equations (3) in vacuum may
be recast in the form
1√−g∂ν
(√−ggµαgνβ∂[αAβ]) = 0. (22)
If Aµ(x) satisfies Maxwell’s equations in a spacetime en-
dowed with metric gµν it also satisfies the same set of dy-
namical equations but in a different spacetime endowed
with metric ∆−1µν . The metric of the latter manifold is
constructed according with the proper choice of (a, p) dis-
cussed above. Defining the covariant derivative“||”such
that
∆−1
µν||α = 0, (23)
we immediately obtain
∆µα∆νβFαβ||ν = 0, F[µν||α] = 0. (24)
Thus, in the same way that a gauge transformation
Aµ → Aµ+∂µΛ characterizes different representations of
the same physical situation, we may say that, from the
formal point of view, it is impossible to distinguish be-
tween different spacetimes related by the disformal trans-
formation given by (9). In other words, all spacetimes
∆µν constructed with Aµ and the pair of functions (a, p)
are compatible with the same potential configuration as
a solution. This is a symmetry of Maxwell’s electromag-
netic theory.
A. Metrical Properties of the Energy-Momentum
tensor
A remarkable property of this new symmetry is that
there exist an intimate relationship between the disformal
metric ∆µν and the energy-momentum tensor defined in
the original geometry gµν . Let us concern ourselves to the
case κ 6= 0. In this case, the disformal transformation (8)
is given by
∆µν = a
(
gµν +
4
I1
FµαF
αν
)
, (25)
with the function a completely arbitrary. Making the
redefinition 4a = −I1Ω2 (we choose the minus sign to
keep our signature convention intact), where Ω is an ar-
bitrary function, and using (5) we recast the form of the
admissible delta tensors as 1
∆µν = −Ω2 T µν . (26)
In other words, the disformal metric is conformally re-
lated to the energy-momentum tensor of the original field
configuration. Thus, things that look like energy and
momentum in the former manifold appear as spacetime
distances in the “new” manifold. This is an interest-
ing symmetry property of the dynamical equations that
somehow generalize the concept of conformal transfor-
mations. The disformally related line element is given
by
dsˆ2 ≡ ∆−1µνdxµdxν (27)
In general, the riemannian spacetimes generated by the
disformal transformations are non-flat and depend ex-
plicitly on the particular solutions of the gauge potential
Aµ(x).
Having defined the metrical structure of a given man-
ifold, one can study its properties by constructing the
1 Note that, for κ 6= 0 the energy momentum tensor is invertible,
which proves the consistency of our approach.
5geometrical objects and the Debever’s invariants asso-
ciated to them. Considering for instance the curvature
tensor that has second derivatives of the metric ∆µν , it
happens that it will also have higher derivatives of the
vector potential, i.e.
Rˆαβµν → Rˆαβµν(g, ∂g, ∂2g; F, ∂F, ∂2F ) (28)
Its explicit expression is a very long and involved equa-
tion that should be analyzed for each particular solution.
Besides, there seems to have no natural way to separate
and classify the terms appearing in its decomposition. It
is also worth noting that, in general, the metric ∆µν does
not have the same isometries as the original gµν . There
is no reason for these two metrics to share the same set
of killing vectors.
Our analysis has focused in the invariance of the equa-
tion of motion (3) under metric transformations and, as
it is well known, symmetries of the equation of motion
do not imply symmetries in the action. However, it is
straightforward to show that transformation (9) is also a
symmetry of the action. Indeed, the action integral
S = −1
4
∫
d4x
√−ggµνgαβFµαFνβ , (29)
is invariant under the map
gµν → ∆−1µν
√−g →
√
−∆ . (30)
In a Taylor expansion around a fiducial point x0, the
function a(x) or p(x) are characterized by an infinite
number of parameters. Consequently, this symmetry of
the action is also characterized by an infinite number of
parameters [19].
B. A particular realization of the symmetry: static
point charge
As a simple example let us analyze the case of a
motionless point-like charge. In spherical coordinates
xµ = (t, r, θ, φ), the spherically symmetric and static
solution of (3) is of the form
Fµν = E(r)
(
δ 0µ δ
1
ν − δ 1µ δ 0ν
)
(31)
where E(r) = Q/r2. A direct calculation yields the con-
travariant components of the energy-momentum tensor
T µν =
E2
2


1 0 0 0
0 −1 0 0
0 0 r−2 0
0 0 0 r−2sin−2θ


For the sake of simplicity we choose Ω2 = 1. Thus,
√
det(T−1µν) =
16
E4
r2sin2θ . (32)
A direct calculation shows that, indeed, the field sat-
isfies the equation
1√
det(T−1µν)
∂ν
(√
det(T−1µν) T
µαT νβ ∂[αAβ]
)
= 0 ,
(33)
which again is an explicit example of our results. The
line element is given by
dˆs
2
=
2r4
Q2
(
dr2 − dt2 − r2dθ2 − r2sin2θ dφ2) . (34)
Note that the radial coordinate becomes a timelike co-
ordinate while the time coordinate becomes spacelike.
This is an intriguing property that shall be investigated
in a future work. Also one can calculate the curvature
tensor of (34) and confirm that the ∆−1µν = T
−1
µν man-
ifold is indeed curved. Notwithstanding, the conformal
tensor is identically zero which means that the electric
point charge generates a class of conformally flat space-
times via the disformal mapping.
IV. GROUP STRUCTURE
Another interesting property of the symmetry trans-
formation generated by (9) is that together with its set
of differential manifolds they form a group for each and
every solution Aµ(x) of the dynamical equations. To sim-
plify notation we can define a symmetric tensor φµν that
using the algebraic relations (6)-(7) satisfies
φµν ≡ FµαFαν (35)
φµαF
α
ν = −I2
4
∗
Fµν −I1
2
Fµν (36)
φµαφ
α
ν =
I22
16
gµν − I1
2
φµν (37)
In addition, we will included two indices (a, p) to spec-
ify the transformation. From now on we shall change
a bit our notation and drop the hat used to designate
the transformed objects. The indices (a, p) should suffice
to appropriately identify the transformation so that we
write
Fµν(a,p) ≡ ∆µα(a,p)∆νβ(a,p)Fαβ . (38)
Once more, we shall separate our analysis in the two
cases of an algebraic general or null electromagnetic field.
A. General Field κ 6= 0
For the case of an algebraic general field, eq. (19)
shows us that the disformal ratio is fix, i.e. we have only
6one free function. Thus, the disformal transformation
reads
∆−1(a)µν =
a−1
1 + ξ2
(
gµν +
4
I1
φµν
)
, (39)
where we have defined the quantity ξ ≡ I2
I1
The electro-
magnetic two-form in the ∆−1(a)µν geometry can be related
with its counterpart in the gµν through
Fµν(a) = ∆
µα
(a)∆
νβ
(a)Fαβ = a
2
(
1 + ξ2
)
gµαgνβFαβ .
Therefore it is straightforward to obtain the relations
I1(a) = a
2
(
1 + ξ2
)
I1 (40)
I2(a) = a
2
(
1 + ξ2
)
I2 (41)
ξ(a) = ξ (42)
φ(a)µν ≡ ∆αβ(a)FµαFνβ =
aI1ξ
2
4
gµν − aφµν (43)
We define the transformation T acting on the metric
gµν such that
Ta[gµν ] ≡ ∆−1(a)µν (44)
with ∆−1(a)µν defined by (39). According to our previous
discussion the transformation symbol relates two non-
equivalent manifolds. Let us apply a second transforma-
tion Tb associated with the function b(x) on the metric
∆−1(a)µν . We have
Tb [Ta [gµν ]] = Tb [∆−1(a)µν ] . (45)
Replacing all gµν by ∆
−1
(a)µν into (39) one immediately
obtains
Tb [∆−1(a)µν ] =
b−1
1 + ξ2(a)
(
∆−1(a)µν +
4
I1(a)
φ(a)µν
)
.
A direct calculation using explicitly (39)-(43) gives us
Tb [Ta [gµν ]] = (a.b)
−1
1 + ξ2
gµν ,
which is conformally related to the gµν metric. The trans-
formation (44) is homogeneous of order 1, hence any met-
ric conformally related to gµν satisfies
Ta [λgµν ] = λTa [gµν ] = λ∆−1(a)µν .
Therefore, an arbitrary number of successive transfor-
mations will generate only two types of metric, namely
M(a)µν ≡ agµν , (46)
N(a)µν ≡ a
(
gµν +
4
I1
φµν
)
. (47)
The collection of all metrics M(a)µν and N(a)µν to-
gether with transformation (44) can be viewed as a rep-
resentation of a group G. The composition law of G can
be depicted as
M(a) ◦M(b) ≡ M(ab) (48)
N(a) ◦N(b) ≡ M(c) with c = ab
(
1 + ξ2
)
(49)
M(a) ◦N(b) ≡ N(ab) (50)
With this composition law, it is straightforward to
show that they indeed form a group.
i) Identity: T1 ◦ Ta = Ta ◦ T1 = Ta with T1 =M(1)
ii) Inverse M−1a = Ma−1 and N
−1
a = Na−1(1+ξ2)−1
iii) Closure is already given in (48)-(50)
iv) Associativity direct from (48)-(50)
The collection of all M(a)’s forms a subgroup H ⊂ G.
Actually, they are an invariant subgroup of G since
N(a) ◦M(b) ◦N−1(a) = M(b) .
Thus, we can define an equivalence relation between
the left coset defined in terms of the subgroup H. Due to
relations (48)-(50) there is actually only two coset since
[HNa] = {Nc / c(x) all analytical functions}
In addition, the two cosets satisfy
[H] ◦ [H] = [H] (51)
[H] ◦ [HN ] = [HN ] (52)
[HN ] ◦ [HN ] = [H] (53)
Thus, the quotient group is G/H = Z2
B. The null Field κ = 0
The algebraic null field, contrary to the general case,
has an extra free function to define the disformal trans-
formation. Relations (35)-(37) show that a contravariant
metric defined as
∆µν(a,b) = a g
µν + bφµν ,
has an inverse given by
∆−1(a,b)µν = a gµν −
b
a2
φµν ,
where the only condition over the functions a and b comes
from (21) that requires a 6= 0. The electromagnetic two-
form in the ∆−1(a,b)µν geometry can be related with its
counterpart in the gµν through
Fµν(a,b) = ∆
µα
(a,b)∆
νβ
(a,b)Fαβ = a
2gµαgνβFαβ .
7Therefore the relations (40)-(43) now modify to
I1(a,b) = a
2I1 (54)
I2(a,b) = a
2I2 (55)
ξ(a,b) = ξ (56)
φ(a,b)µν ≡ ∆αβ(a,b)FµαFνβ = a φµν (57)
In the same way, we define the transformation T acting
on the metric gµν such that
T(a,b)[gµν ] ≡ ∆−1(a,b)µν . (58)
Applying a second transformation T(c,d) on the metric
∆−1(a,b)µν , we have
T(c,d) [T(a,b) [gµν ]] = T(c,d) [∆−1(a,b)µν ]
= ∆−1(a.c , b.c+d.a3)µν ⇒
⇒ T(c,d) ◦ T(a,b) = T(ac , bc+a3d) . (59)
Therefore, the group properties are
i) Identity: T(1,0)
ii) Inverse: T −1(a,b) = T(a−1,−ba−4)
iii) Closure: already given in (59)
iv) Associativity: direct from the rule (59)
Note that this is a non-abelian group, i.e.
T(c,d) ◦ T(a,b) 6= T(a,b) ◦ T(c,d) .
It is straightforward to show that the collection of all
T(a,0)’s forms a subgroup. However, this is not an invari-
ant subgroup since
T(c,d) ◦ T(a,0) ◦ T −1(c,d) = T(a , dac−3(a2−1)) .
Notwithstanding, there is another subgroup O formed
by the collection of all T(1,b)’s that are in fact an invariant
subgroup. Indeed, we have
T(c,d) ◦ T(1,b) ◦ T −1(c,d) = T(1,bc−2) .
Thus, we can establish an equivalence relation between
the left coset defined in terms of this subgroup. The left
cosets are of two types
[
O1
]
≡
{
∆−1(1,b)
/
b analytical
}
[
Oc
]
≡
{
∆−1(c,d)
/
c 6= 1 and d analytical
}
Contrary to the general case κ 6= 0, here there is an
infinity of different left cosets labeled by the function c
above. Again, we can establish an equivalence relation
between elements of the same left coset. These cosets
inherit from the former group the following composition
rule:
[O1] ◦ [O1] = [O1] (60)
[O1] ◦ [Oa] = [Oa] (61)
[Oa] ◦ [Ob] = [Oab] (62)
Thus, the quotient group associated with disfor-
mal transformation in the the null case is infinite and
characterized by all analytical 4-dimension real functions.
V. CONCLUSION
There is no question that symmetries play a funda-
mental role in modern physics. Noether’s theorem, for
instance, associate invariance of the action of a given
physical system with conservation law’s for tensor cur-
rents such as the energy-momentum tensor. In general,
these symmetries are associated with variation of the ac-
tion with respect to the spacetime coordinates and/or
fields redefinitions.
In this paper, we have developed a different concept of
symmetry that is closely related to the conformal sym-
metry. The point of departure is the definition of a dy-
namical system in an arbitrary spacetime gµν and the
specification of the solutions of these equations of motion.
Thereon, we have shown that the dynamics of the physi-
cal fields are invariant with respect to redefinitions of the
metric tensors that maps different riemannian manifolds.
More specifically, Maxwell’s electrodynamics is invariant
with respect to a large class of disformal metric transfor-
mations.
The disformal transformations together with the differ-
ent manifolds that they generate has a group structure
that is abelian for the algebraic general and non-abelian
for the algebraic null case. There are several interesting
issues related to the physical meaning of these disformally
related manifolds and their mathematical structure that
we shall address in future works.
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